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PLANE WAVES IN NON-SIMPLE ELASTIC SOLIDS

M. M. CARROLL
Division of Applied Mechanics, University of California, Berkeley

Abstract-A form of the constitutive equation, which is appropriate to describe the propagation of plane waves,
of finite amplitude, in non-simple solids, is obtained. This equation is used to discuss the propagation of such
waves in non-simple, holohedral isotropic, elastic solids of grade n. In particular, it is shown that a transverse,
harmonic, circularly-polarized, plane progressive wave can propagate, in any such material, with phase velocity
which depends on the wave amplitude and on the wavelength.

1. INTRODUCTION

GREEN and RIVLIN have developed a general nonlinear theory of non-simple continua, in
which the force system consists of multipolar surface and body forces of various orders,
whose rates of work are related to the velocity and the velocity gradients of various orders.
A major difficulty in obtaining solutions of problems in this theory lies in the fact that the
constitutive theory for non-simple materials has not been studied in any detail. Thus,
reduced forms of the constitutive equations for such materials, with any particular sym­
metry, have not been obtained.

In this paper we show that the constitutive equations, which are appropriate to describe
the propagation of plane waves (of finite amplitude) in non-simple materials, can be
obtained quite readily. We confine our attention to non-simple elastic solids of grade n
(for which the internal energy is a function of the deformation gradients of orders 1,2, ... , n),
and especially to holohedral isotropic solids. In particular we show that a transverse,
harmonic, circularly-polarized plane progressive wave can propagate in any such material,
with phase velocity which depends on the wave amplitude and on the wavelength.

2. BASIC EQUATIONS

In this section we review the theory of Green and Rivlin [1] for a non-simple elastic
material of grade n.

We refer the motion of a continuum to a fixed system of rectangular Cartesian axes
and we express the coordinates Xi of a typical particle at time t as functions of its co­
ordinates XA' in an undeformed reference state, and of the time t, thus:

(2.1)

Upper-case and lower-case Latin indices are associated with quantities pertaining to the
reference state and to the deformed state, respectively, and take the values 1,2,3. A comma
is used to denote partial differentiation with respect to the coordinates XA or Xi' and the
usual summation convention is used.

109



110 M. M. CARROLL

The internal energy U, per unit mass, for a non-simple elastic material of grade n is a
single-valued function of the deformation gradientst of orders 1,2, ... , n, thus:

U = O(Xi,A, ...A) (Ji = 1, ... , n). (2.2)

The invariance property of the internal energy under superposed rigid motions, i.e.,

O(Q"x' A A)=O(X' A A) (Ji=I, ... ,n) (2.3)IT J. 1··· J.I. " 1· .. p.-

for all proper orthogonal transformations Qij, implies the reduced form

U = D(EAA, ...A) (Ji = I, ... ,n), (2.4)

where D(. ..) is a single-valued function of its arguments

(Ji=I, ... ,n). (2.5)

The form of the functions 0(...) and U(. ..) is further restricted by any symmetries which
the material may possess in the reference state, thus:

or

(Ji = 1, ... , n) (2.6)

U(QABQA,B, ... QA"B"EBB, ...B) = D(EAA, ...A) (Ji = 1, ... , n) (2.7)

for all transformations QAB in the group of material symmetry transformations. We shall
restrict our attention to non-simple elastic solids, so that the material symmetry group is
a (proper or improper) subgroup of the full orthogonal group of transformations.

Green and Rivlin [1] have given two alternative formulations of the theory of non­
simple elastic solids. The following form of the basic equations is most convenient for our
present purposes:

aO

(Ji = 1, ... , n - I),

(2.8)

(2.9)

(2.10)

where 1t(A, A"li (Ji = 1, ... , n) is that part of 1tA,...A"i which is completely symmetric in the
indices A I, , A". Here Po denotes the density of the material in the reference state, the
monopolar and multipolar stress tensors 1tAi and 1tA,...A"i are associated with monopolar
and multipolar tractions across surfaces in the deformed state which were coordinate
surfaces in the reference state, and are measured per unit area in the reference state, and
Fi and FA, ...A"i are monopolar and multipolar body forces per unit mass.~ We restrict our
attention to the case when monopolar and multipolar body forces are absent. Substitution
from equations (2.9) and (2.10) in the classical equations of motion (2.8) then gives

"tl (-l)"+I{axi:~"AJ.A''''A'' = Xi' (2.11)

t For simplicity, we restrict our attention to purely mechanical effec~.'. We also consider only homogeneous
materials.

t We assume that there are no multipolar inertia terms. (See Section 5.)
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3. PLANE WAVES

III

In order to apply the theory of non-simple elastic solids, outlined in the previous section,
to the solution of problems involving finite deformations of such materials, we must first
determine the effect of the material symmetry condition (2.7) in restricting the form of the
internal energy function D(. . .). In general, this requires the calculation of an integrity
basis, under the appropriate group of symmetry transformations, for n tensors of orders
2, ... , n + 1. Integrity bases, under various groups of symmetry transformations, have
been calculated for vectors and second-order tensorst but not for tensors of higher order.
We do not deal with this general problem in the present paper. Instead we effect a con­
siderable simplification by restricting our attention to a very special class of deformations.

We consider the motion described by

Xi biAXA+Uj(Z, t), Z = XANA' (3.1)

where biA denotes the Kronecker delta and NA are the components of a constant unit
vector (NANA = 1). The deformation gradients associated with the motion (3.1) are given
by

Xi, A = biA+ullINA'

Xj,AI ...A" = ull')NAl .•• N A" (J1 = 2, ... , n),

(3.2)

(3.3)

where we have used the notation

u\1'1 = ol'uj ( 1 )
I oZIl J1 = , ... , n .

It follows from' equations (2.5), (3.2) and (3.3) that

EAAI = bAAI + ulJlNAl +ulJ!NA+uj!lul')NANAI'

EAAI ...A" = (u~l+uj!lullllNA)NAI'" N A" (J1 = 2, ... , n).

(3.4)

(3.5)

(3.6)

The internal energy U associated with the plane wave (3.1) is thus a single-valued func­
tion of the n+ 1 vectors u~l (J1 = 1, ... , n) and N A' thus:

U = O(u~), N A) (J1 = 1, ... , n). (3.7)

It follows from equations (2.7), (3.5) and (3.6) that the material symmetry restriction on
the function 0(.. .) is

O(QABU~l, QABNB) = O(u~l, NA) (J1 = 1, ... , n) (3.8)

for all (orthogonal) transformations QAB in the group ofmaterial symmetry transformations.
Consequently 0(. ..) is a scalar invariant function of its n +1 argument vectors under this
group of transformations. Standard tables of basic invariants of vectors have been obtained
for isotropic and transversely isotropic materials and for the crystal classes (see Adkins [3]
and Smith and Rivlin [4]).t

The equations (3.2) and (3.3) can be inverted in the form

(J1 = 2, ... , n),

(3.9)

(3.10)

t See, for example, Wineman and Pipkin [2].
tWe remark that the permissible forms of the function 0(...)are restricted by equations (3.5) and (3.6). Thus,

for example, the total degree of 0(...) in ujP) (/l = 2, ... , n) cannot exceed its total degree in uln
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and hence we have
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(/1 = 1, ... , n). (3.11)

(3.12)

Substitution from equation (3.11) in equation (2.11) yields the equation which governs the
propagation of plane waves in a non-simple elastic material of grade n:

n ail {ao}L (-1)"+ 1':\21l 1 (ill = iij.
1l~1 u (JU,

4. ISOTROPIC MATERIALS

We now consider the propagation of a plane wave of the form (3.1) in a non-simple
elastic material of grade n, which is isotropic with a center of symmetry (holohedral iso­
tropic) in the reference state. The group of material symmetry transformations for such a
material is the full orthogonal group, and the condition (3.8) implies the reduced form

*U = U(lap,I y)

for the internal energy, where

I = rla)u(P)ap A A'

(lY.,p,y = 1, ... ,n) (4.1)

(4.2)

We may assume, without loss in generality, that the wave propagates in the X 3-direction,
*so that N A = 15 3A . Since laP is symmetric in its indices, we may also assume that U(. ..) is

written as a symmetric function in laP and I pa . It follows from (3.7), (4.1) and (4.2) that

- * *au _ ~ au (A) au
~ (Il) - 2 L, ~IUj +~aI 153j ,
OU j A~ 1 U All • Il

and substitution from (4.3) in the equations of motion (3.12) yields

* *n au (A) au } _ ..
aI

AIl
Uj +aIIl153j - Uj.

A. Longitudinal waves
A longitudinal plane wave is described by

(4.3)

(4.4)

(4.5)

For such a wave, the equations of motion (4.4) are satisfied identically for i = 1,2, and
for i = 3 we obtain

(4.6)

where

(4.7)



Plane waves in non-simple elastic solids 113

Thus, the propagation of longitudinal plane waves of finite amplitude is governed by the
scalar equation (4.6). This equation may also be written in a more concise form similar to
equation (3.12), and in general it is a nonlinear partial differential equation of order 2n.

B. Transverse waves

A transverse plane wave is described by

XI = X I +u(Z, t), X2 = X 2 +v(Z,t), X3 = X 3 = Z. (4.8)

For such a wave, the equations of motion (4.4) become

where

(4.9)

(Y'u ol'u o'"v ol'v
/,"1' = oZ'" oZI' +oZ'" oZI"

(4.10)

(4.11)

It is evident that, in general, solutions u and v of equations (4.9k2 will not satisfy equa­
tion (4.9)3' Thus, for example, a linearly-polarized transverse wave (v ::= 0, say) cannot
propagate in a general isotropic non-simple elastic solid. However, if the material is
incompressible, then it can be shown, by appropriate modification of the theory of Green
and Rivlin, that the equations of motion (2.11) become

_ p.+ ~ (-1)1'+ I {_c_O_}
,I ~ ox.

1'-1 I,A, ... A" ,At ...A"

where p is an arbitrary scalar function. This implies a similar modification of the equa­
tions (4.9), and the function p can be chosen so that equation (4.9h is satisfied for any solu­
tion u, v of equations (4.9)1.2'

We now consider the special case of a transverse circularly-polarized harmonic plane
progressive wave, described by equation (4.8), with

u(Z, t) = a cos k(Z -ct), v(Z, t) = a sin k(Z - ct), (4.12)

where a, k and c are constants. It has been shown [5J that such a wave can propagate in
every isotropic simple elastic solid, with phase velocity c which depends on the amplitude
a. Differentiation of equation (4.12) yields

oUu OH+I U= (-1)'"P'"u, = (-1)'"+ IkH + IV
OZU+I '

OU+I V
( 1) '"k2,"+ IU,azU + I =

(), = 0, 1, ...) (4.13)
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and substitution from these equations in equations (4.10) yields

IAI' = (_I)(A-I')/2k H l'a 2 for A+J.l even,

= 0 for A+ J.l odd.
(4.14)

Thus, the isotropic invariants associated with the motion (4.8), (4.12) are independent
of position and time, so that the internal energy is also constant. The equations of motion
(4.9k2 become

* .
n au adl'u

2" "( 1)1'+ 1 - •.
L.. L.. - "l/. "lZA+1' - U,

i. ~ I I' ~ 1 U AI' U
(4.15)

and equation (4.9h is satisfied identically. It is evident that the terms in equations (4.15)
for which A. + J.l is odd will cancel in pairs, due to the factor (- 1)1' + I and the symmetry of
IAI" Consequently, equations (4.12) and (4.15) are compatible providedt

(4.16)

with IAI' given by (4.14), where we need only consider those terms in (4.16) for which A.+J.l
is even. Thus, a transverse, circularly-polarized harmonic plane progressive wave can
propagate in any (compressible or incompressible) isotropic non-simple elastic solid of
grade n, with phase velocity C which is given by the dispersion relation (4.16) and which
depends both on the amplitude a and on the wavelength 2n/k.

5. MULTIPOLAR INERTIA TERMS

In writing the equation of motion (2.11) we assumed that all multipolar inertia terms
may be neglected. We now consider briefly a more general theory (see Green and Rivlin [7])
in which the kinetic energy per unit mass K is given by

n-I

2K = v·v·+ "bA A v·v· A AI l i..J 1· .. IX I I, 1· .. IX
,~ I

(5.1)
n- I n- I

+ I L CAI ...A.:B, ...BfiVi,A, ...A.Vi,B, ...Bp'
,~ I p~ I

where b A1 ...A. and CA1 ...A.:B, ...Bfi are constants. Without loss in generality we may assume
that the bA, ... A. are completely symmetric in the indices AI'" A, and the CA, ...A.:B, ...Bp

are completely symmetric in the indices AI ... A, and B I ... Bp, and satisfy

(5.2)

t We assume that a and k are such that equation (4.16) yields a positive value of c2
.
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The monopolar and multipolar inertial forces per unit mass, obtained from equation
(5.1), are

and

d (OK) . 1n-I •
- - - - v· - - "bA A v· A A- dt OVi - I 2 a=-I I···. I, I··· •

(5.3)

(5.4)d ( oK ) n-I
-- -tbA, ...A.V j - L CA, ...A.:B1 ...BpVi,B, ...Bp·

dt OVi,A, ...A. fJ= 1

We see from equations (2.8), (2.9), (2.10), (5.3) and (5.4) that the equation of motion (2.11)
must now be replaced by

n {riO} 1n- 1
" (-I)/l+ 1 C = V.+- " {I +(--I)y}b i;.
~ oX. ,A, ... A" I 2 yf't A, ...Ay I,A, ...Ay (5.5)

/l- 1 - I,A, ... A" n- 1 n-I

+ L L (-l)aCA, ...A.:BI ...BpVi,AI ...A.B, ...Bp'
a= 1 fJ= 1

We remark that the terms for which y or IY. +Pare odd do not contribute to the expres­
sion on the right-hand side of equation (5.5). Thus, in particular, the transverse harmonic,
circularly-polarized, plane progressive wave, described in the previous section, can propa­
gate in an isotropic material. The dispersion relation (4.16) must now be replaced by

(5.6)

where N A are the components of a unit vector in the direction of propagationt and we need
only consider those terms in (5.6) for which A+ jl, Y and IY. +Pare even.

6. REMARKS

The results presented here may be generalized in various ways. For example, the motion
(3.1) may be extended to include a homogeneous deformation, thus:

(6.1)

where the FiA are constants. The material symmetry condition then necessitates the calcula­
tion of integrity basis for n+ 1 vectors and one second-order tensor. Again, the material
symmetry considerations may be applied, in an obvious way, to non-simple materials
with memory (see Green and Rivlin [6]). Finally, it was shown in [5] that a circularly­
polarized wave of the form (4.8), (4.12) can propagate in the symmetry direction of a
transversely-isotropic simple elastic solid, which may also be subjected to uniform stretch­
ing in the symmetry direction. A similar extension is possible her~. However, the more

t Iflhe form (5.1) of the kinetic energy Kis not isotropic, then the phase velocity c will depend on the direction
of propagation of the wave.
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general wave described by equation (4.8), with

u(Z,t) = a f
z

-
cr

cosf(qJ)dqJ, v(Z,t) = a fz
-

cr

sinf(qJ)dqJ, (6.2)

where fO is an arbitrary function, can propagate in a simple elastic solid but not in a
non-simple one.

Acknowledgement-I am grateful to Professor P. M. Naghdi for his helpful discussion of this paper.

REFERENCES
[I] A. E. GREEN and R. S. RIVLIN, Archs ration. Mech. Analysis 16, 325 (\964).
[2] A. S. WINEMAN and A. C. PIPKIN, Archs ration. Mech. Analysis 17,184 (\964).
[3] J. E. ADKINS, Archs ration. Mech. Analysis 5,263 (1960).
[4] G. F. SMITH and R. S. RIVLIN, Archs ration. Mech. Analysis 15, 169 (1964).
[5] M. M. CARROLL, Acta mech. 3, 167 (1967).
[6] A. E. GREEN and R. S. RIVLIN, Proc. R. Soc. A284, 303 (1965).
[7] A. E. GREEN and R. S. RIVLIN, Z. angew. Math. Phys. 18, 208 (\967).

(Received 4 April 1968)

A6CTpaKT-npe~JlaraeTCli <popMa orrpe~eJlllIoll.lero ypaBHeHlIlI, KOTopali orrllCbIBaeT pacrrpe~eJleHlle

rrJlOCKIIX BOJlH C KOHe'lHOH aMUJlIITY~bI B HerrpOCTbIX TeJlax. J,1crrOJlb3yeTcli 3TO ypaBHeHlle ~Jlll

06cYlK~eH1I1I pacrrpe~eJleHlIlI 3TIIX BOJlH B HerrpocTblX, rOJl03~plI'leCKIIX, 1130TponHbIx, yrrpyrllx TeJlaX,
"o"-Toro rropll~Ka. B oc06eHHocTII, OKa3bIBaeTClI, 'ITO nonepe'lHall, rapMOHII'leCKall, KpyrJlO­
nOJlllpll30BaHHall, rrJlOCKali rrocTyrraTeJlbHali BOJlHa MOlKeT paCnpeLleJlllTClI, B JlI060M TaKOM MaTeplfaJle,
C <pa30BOH CKOPOCThlO, KOTopali 3aBIICIIT OT aMrrJlIITY~bI II ~JlIIHbI BOJlHbI.


